This paper deals with the problem of diffraction radiation from an electric point charge that moves, at a constant speed, through a circular aperture in a plane screen. The screen is assumed to be electrically perfectly conducting. The problem is reduced to the solution of an integral equation for an unknown field function in the aperture. Low-frequency solutions as well as high-frequency solutions are obtained. Results pertaining to the farfield behaviour of the radiated field are given. Finally, numerical results pertaining to the radiation loss of the charge are presented.
Introduction
THE energy lost by diffraction radiation when a charged particle passes a conducting structure is of considerable importance in accelerating structures. The explanation of the physical nature of this type of radiation is very simple. A point charge moving uniformly in a straight line in free space can be represented as a superposition of plane waves of different frequencies. All of the waves are evanescent waves decaying exponentially away from the trajectory of the particle. There is no radiation during this uniform motion of a charged particle. The presence of an ideally conducting body in the neighbourhood of the trajectory leads to diffraction of the evanescent waves. This diffracted field consists of waves either propagating or decaying exponentially from the obstacle. The propagating waves correspond to the diffraction radiation. The calculation of this field is rather difficult. Bolotovskii & Voskresenskii (1966 and Hazeltine, Rosenbluth & Sessler (1971) have reviewed the literature on this subject.
Hitherto, little consideration has been paid to the radiation of a charged particle passing through a circular aperture in a screen. Dnestrovskii & Kostomarov (1959a) have considered the radiation of a modulated beam of charged particles passing through the circular aperture in a screen. They obtained an integral equation in which the diffracted field in the aperture and the incident field (field of the modulated beam of charged particles in free space) upon the screen occur. A numerical solution has been obtained in replacing the integral equation by a system of linear algebraic equations. The calculations were performed for values of a = ka between 0-5 and 40 (k = (o/c 0 = wave number of the radiation, a = radius of the aperture). However, approximate solutions for small a and large a have not been presented, and in order to calculate the radiation loss of a single charged particle we need the behaviour for all values of a. For a single charge with ultrarelativistic velocity, Dnestrovskii & Kostomarov (19596) and Hemp (1974) calculated the radiation loss. The approximation used by them is in fact an approximation for large a (in the case of ultrarelativistic velocity) and has been extrapolated to other values of a. For a lower velocity of the charge no results are known.
In the present paper, a new approach is provided with respect to the diffraction radiation from a point charge moving through a circular aperture in a plane screen. An integral equation is obtained, in which only aperture-field distributions occur. The integral equation is of the same form as the one occurring in the diffraction of a scalar plane wave by a soft disk. In the latter problem, techniques are used which transform the integral equation to one especially suitable either for handling low frequencies (Jones, 1956; Collins, 1961; Williams, 1962) or for handling high frequencies (Jones, 1965a; Newby, 1972; Williams, 1972 ). An extension of these techniques to our problem of the diffraction radiation from a point charge yields solutions for small a and large a. From this, enough information can be obtained to calculate the radiation loss of the point charge. Finally, a number of numerical results pertaining to these radiation losses are presented for different velocities of the point charge.
Formulation of the Problem
The point charge q under consideration moves with constant velocity v = v o i z (v o < c 0 , c 0 = velocity of light) along the axis of a system of circular cylindrical coordinates (r, <f>, z) through the circular aperture of a screen. The screen at z = 0 is assumed to be electrically perfectly conducting. The aperture occupies the region z = 0,0 ^ r ^ a, all (j>. Since the geometrical configuration is independent of (f>, all field quantities are independent of <}>. To calculate the diffraction radiation from the charge, we start with a suitable representation of the field of the moving point charge in free space. This field E* = E'(r. z, 0. H' = H'(r, z, t) can be considered as the field incident upon the configuration. The first step is to represent the electric-and the magnetic-field vector as a Fourier integral: and & = 2F{r> z; co) is the Fourier transform of the electric-current density in the z-direction: We observe that the Fourier components of the field of the moving point charge are plane waves propagating in the z-direction with a phase velocity that equals the velocity of the charge. In the /--direction the amplitudes decay with increasing r(v 0 < c 0 ). This field cannot radiate in the /--direction. The influence of the diffracting obstacle can now be explained by noting that these waves can be diffracted and thus can give rise to radiating plane waves representing the diffraction radiation of the moving charge. We now shall outline the diffraction problem. The total field is denoted by E = E(r, z, t) and H = H(r, z, t); then the diffracted radiated field is introduced as The boundary conditions at the screen lead to
Further, dtf^dz is assumed to have a singularity of order {a 2 -r 2 ) * near the edge of the aperture in the plane z = 0. At large distance from the aperture 2P% is required to represent a disturbance travelling outwards.
In later work, we omit the symbol co to denote that the quantities are dependent of©.
Integral Representations and Integral Equations
A straightforward application of Green's theorem to the field functions, defined in Section 2, yields integral representations and an integral equation, in which field distributions upon the screen occur. We are then dealing with an infinite range of integration. We rather want an integral equation in which an aperture field occurs. Therefore, we make the following alternative approach. Application of Green's theorem to the domains z < 0 and z > 0, respectively, yields (r, (f>, z) . In the same manner, application of Green's theorem to the domains z < 0 and z > 0 outside the region r < e(e -> 0) yields
Combining the results of (3.1) and (3.3) in such a way that the integrals over the screen cancel, and then requiring that in the aperture #f % has to be continuous, we obtain the integral equation
Integrating with respect to /•", and introducing the dimensionless variables p 0 = r o /a, p = r/a and a = ka, we obtain p/(p)K(p 0 , p) dp = C + IT(apo> 0), C is an arbitrary constant and will be determined by the condition that df/dp is O((l -p 2 )"*) near the edge of the aperture (p = 1). We observe, further, that IT(ap, 0)
can be written as with
•(H-(3.7)
In Section 5 we shall discuss the solution of integral equation (3.5) for small a and in Section 6 we shall discuss the solution for large a.
Far-field Behaviour-Radiation Loss of the Point Charge
In order to calculate the radiation loss, we first consider the far-field behaviour of the radiation field. Since II' has the exponentially decaying behaviour of a # 0 -function in the r-direction, only finite values of r contribute significantly to the second integral in (3.1), when kT ^ 0. For values of r > 1/kT the contribution to the integration can then be neglected. Hence, we can now write r 0 = R sin 0 and z 0 = R cos 0 as R -* oo, 0 < 0 < \n, (4.1) f2rt in which, using the relation exp(/£r sin 0 cos
Jo
Introduction of dimensionless variables leads to
Jo L dz -fa 2 ^ sin 0 I""" pX 0 (arp)J 0 (ap sin 0) dp,
In Sections 5 and 6, this expression will be considered further. Let us now calculate the radiated energy. This energy Q is twice the total energy radiated along the hemisphere radius R,O^0< \n, all <f>, across S, the curved surface of the hemisphere,
(asterisk denotes complex conjugate). The quantity P(a)) da> relates to the radiation loss of the moving charge, caused by radiation with frequencies between a> and co+dco. From Maxwell's equations in spherical polar coordinates (R, 0, <f>), it then follows (d/d<£ = 0, ^f R = 0, We = 0),
hence, with (4.1),
in which 0* 0 / £ o)* -12O7T is the wave impedance of free space. We observe that the radiation loss can be calculated once A(6) has been determined from (4.3), and hence as soon as [3IT(r, z)/8z] z = 0 has been determined.
Solution for Small a
The solution of an integral equation like (3.5) with the kernel (3.6) can be transformed into a solution of a Fredholm integral equation of the second kind, which is very suitable for small a (Jones, 1956; Collins, 1961; Williams, 1962) . Along the same line, we now find that (3.5) with (3.6) can be transformed into and hence in order that df/dp is O((l -p 2 )~ *) near the edge of the aperture (p = 1), it follows from an integration by parts that we have to require that W(l) = 0. This condition determines the arbitrary constant C and equation (5.1) thus becomes The first integral can be integrated analytically, using a result due to Lommel (Watson, 1966, p. 134) . The second integral can be rewritten, using
(P -o ) following from Sonine's second finite integral (Watson, 1966, p. 376 The first two terms in (5.15) are a-independent and coincide with the case of transition radiation for a charged particle passing through an ideal screen. The other terms represent corrections to this point of view. Some numerical results will be presented in Section 7.
6. Solution for Large a Integral equation (3.5) with the kernel (3.6) can be transformed into an integral equation suitable for large a (Jones, 1965a) 
; dp dw. (6.2) In (6.1) a Cauchy principal value is understood. In later work, a principal value is always implied when an integrand contains a simple pole on the interval of integration. Inversion of (6.3) and application of the condition that wf(w) should be zero at the origin shows that ff ^ X ( w V V ( l -"\* vc ^«P{-K«-w)} . ,, " Jones (1965a) has also devised a special iterative procedure to obtain a solution of (6.4) for large a. To obtain the first iteration is rather difficult; see also Thomas (1968) and Newby (1972) . Williams (1972) has shown that the first iteration can be obtained in a more direct way, related to trivial boundary value problems, which arise in the absence of the diffracting screen. Therefore in our case, we consider the trivial boundary value problem in relation to the field « 0 (r, z) = Cexp(-ifcz) + IT(r> z), in which ir'(r> z) is given by (2.5). Using Green's theorem in the domain z > 0, r # 0, we have 2 "exp{-ifc(rg-2r 0 rcos<Hr 2 )*} f = "J o 1arlJ 2^2rrcos* + r*)* *+ 0 < r 0 < oo, (6.6) which, by introducing dimensionless variables, can be written as
C+nWo. 0) = I"" ph(p)K( Po , p) dp, (6.7) Jo with h(p) = /aC+ia(c o /y o )n'(ap> 0), and with K(p 0 , p) is given by (3.6). In the same manner as equation (3.5) can be transformed into equation (6.1), equation (6.7) can be transformed into equation
Jo L w+v w~v
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This expression of F 0 (v) is now very useful in the first step of Jones's iteration scheme to solve equation (6.5). With this iteration scheme, the solution of (6.5) becomes 00 " ~ "" (6-9)
and
(6.12) From (6.5) and the equations above, it then follows that (6.13)
The constant C can now be determined by requiring that df/dw is 0((l-w)~*) at w = 1. Hence, see also Thomas (1968) and Jones (19656) ,
This condition determines the constant C. Let us now return to the far-field amplitude A(d). From (4.3) and (6.13), we obtain
H n (p)J 0 (<xp sin 0) dp + 0 -I (T^-J exp(iap)/j B+1 (-p)Jo(ap sin 0) dp I, ^-« p m . (6.15)
The first two integrals can be calculated analytically (Watson, 1966, pp. 132-134) and the other integrals can be rewritten as integrals from 1 to infinity (Newby, 1972) , and hence,
It is apparent that the far field of the radiation field is determined entirely from conditions at the edge of the aperture. Let us now consider what happens when a is large. It is then possible to obtain an explicit expression for the field distribution (6.13) in the aperture and the far field amplitude (6.16) correct to any order desired. All that is required is to calculate integrals asymptotically to as many terms as are necessary. However, firstly we are and this expression has to be used in (6.19). It can be shown that (6.19) with (6.21) gives the same distribution near the edge as if it were assumed that such a region behaved as a semi-infinite plane with edge along the tangent, placed in the incident field. The lower order terms omitted in (6.13) and (6.14) represent corrections to this point of view.
To the same degree of approximation as above, the function h x {-1) ~ 0; hence, only the two first terms of (6.16) remain and
The calculation of the radiation loss at high frequencies from (4.7) and (6.22) will be carried out numerically. Numerical results will be presented in Section 7. We which is the expression already obtained by Dnestrovskii & Kostomarov (19596) .
Numerical Results and Discussion
In Fig. 1 , results concerning the radiation loss P((o) are presented for small a ( = coa/c 0 ) and for large a. In the region of intermediate values of a the low-frequency curve as well as the high-frequency curve are continued till the crossover point of these curves. The dots also shown are the results obtained by Dnestrovskii & Kostomarov (1959a) . These were obtained by numerical solution of the integral equation (see the introduction). Comparison of the values obtained by Dnestrovskii & Kostomarov with our ones indicates reasonable agreement. We observe that for small a there is a slight increase of P(a>) with increasing a. This can be explained by the fact that with an increase of a the aperture becomes more radiating. The maximum in the curve is arrived at a = 0-6; then, the influence of a larger decay of the incident field becomes visible and P(co) decreases with increasing a. We remark that the slight increase of P(co) for small a does not follow from the results of Dnestrovskii & Kostomarov ( see the values at a = 0-5). The cause of the discrepancy has not been traced, but is very likely due to discretization errors in their numerical conversion of the integral equation, since a 5 % error is sufficient to remove this increase.
In For lower velocities this formula can be used as an upper bound of the total radiation loss Q. In case of ultrarelativistic velocity of the charge (v 0 /c 0 -* 1), the total radiation loss becomes Q -0-092-Ml-^) , when --1.
( 7.2) e o a\ c%) c 0 We note that in the case of ultrarelativistic velocity of the charge Dnestrovskii & Kostomarov (19596) obtained the expression (7.2) with the factor l/4n ~ 0079 instead of 0092. The discrepancy between these results is due to the fact that these authors used a high-frequency approximation for large a as well as for small a. Hemp (1973) suggested, that in case of ultrarelativistic velocity, the total radiation loss is twice the energy contained in the field of the charge in free space for which r > a. He obtained expression (7.2) with the factor -& ~ 0094 instead of 0092. In the case of ultrarelativistic velocity, this result approximates our result very well. 
